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1. Introduction
Many number-theoretic problems lead to the study of mean values of arithmetic
functions. In [1] Cui and Wu obtain mean values of certain arithmetic functions over
short intervals by using the Selberg-Delange method and zero density estimates of
the Riemann zeta function.
In order to state their result, it is necessary to introduce some notations. From [10],





is holomorphic in disc |s− 1| < 1 and admits the Taylor series expansion
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where γj(z) are entire functions of z that satisfy for all B > 0 and ε > 0 the estimate
γj(z)
j!
≪B,ε (1 + ε)
j (j > 0, |z| 6 B).
The following is the result due to Cui and Wu.
Theorem 1.1. Let f(n) ≪ε n
ε be a multiplicative funtion and let κ > 0, w ∈ C,



















x > y > xθ(κ,δ)+ε > 2, N > 0, 0 6 κ 6 B, |w| 6 B,


















where γj(κ) is defined by (1.1) and


















for some constants c1 > 0 and c2 > 0. The implied constant in the O-term depends
only on A, B, α, δ and ε.
Note. Let κ > 0, w ∈ C, α > 0, δ > 0, A > 0, B > 0, M > 0 be some constants.




f(n)n−s is said to be of type P(κ,w, α, δ, A,B,M) if
the following conditions are verified:
(a) for any ε > 0 we have
(1.3) |f(n)| ≪ε n
ε (n > 1),






|f(n)|n−σ 6 (σ − 1)−α (σ > 1);
(c) the Dirichlet series
(1.4) G(s;κ,w) := F(s)ζ(s)−zζ(2s)w
can be analytically continued to a holomorphic function in (an open set contain-
ing) σ > 12 and, in this region, G(s;κ,w) satisfies the bound
(1.5) |G(s;κ,w)| 6 M(|τ |+ 1)max(δ(1−σ),0) logA(|τ | + 1)
uniformly for 0 < κ 6 B and |w| 6 B.
It is natural to consider the analogous result of (1.2) for arithmetic progressions
mod q. Nevertheless, the problem in arithmetic progressions is more difficult for large
moduli q, partly because of the possible Siegel zero, and partly because of a zero-
free region for the L-function (excluding the Siegel zero). So we only consider some
special arithmetic progressions following the idea of Gallagher [4]. In this note, we
prove the following results.
Theorem 1.2. Let p0 be a fixed odd prime, q = p
r
0 be an integer with r an integer
and l be an integer such that (l, q) = 1 and let f(n) be a multiplicative function such
that f(p) = α (0 < α < 1), f(pν) ≪ pδν (ν > 2) for some δ < 0. For any ε > 0,




















































and the implied constant depends only on ε, γj(z) is defined by (1.1).
Note that for generally large moduli, at present there seems to be little hope for
a proof of this, the reason being the Grand Riemman Hypothesis.
3
2. Notations and preliminaries
Throughout the paper we will use the following notations: s = σ + iτ , ε always
denotes a sufficiently small positive number, p denotes a prime number, the pa-
rameters T and x are sufficiently large real numbers. When we write f = O(g) or
f ≪ g we will mean |f | 6 Cg for some absolute constant C. When implied constants
depend upon some parameters, we sometimes indicate that by a subscript.
Our work is inspired by Selberg-Delange method, which was developed by Sel-
berg [9] and Delange [2], [3]. The method has been applied to some arithmetic
problems, see [5], [6] and [7]. For more details, the reader is referred to the book by
Tenenbaum [10].
3. Some lemmas





−s be a Dirichlet series with finite abscissa of






−σ ≪ (σ − σa)−η (σ > σa),
and that B(n) is a nondecreasing function satisfying
(ii) |an| 6 B(n) (n > 1).



























P r o o f. See [10], Corollary II.2.2.1. 
Lemma 3.2. Let q > 2 be an integer and χ be Dirichlet character modulo q.
Then we have
L(σ + iτ, χ) ≪ q1−σ(|τ |+ 1)1/6 ln(|τ |+ 1).
P r o o f. See [8], Theorem 1, page 485. 
Lemma 3.3. Let q > 2 be an integer and χ be a non principal Dirichlet character
modulo q. For s = σ + iτ , 0 < ε < 12 , ε 6 σ < 1, |τ |+ 2 6 T we have
L(σ + iτ, χ) ≪ε (q
1/2T )1−σ+ε.
4
P r o o f. The lemma is Exercise 241 of [11]. 
Lemma 3.4. For q = pr0 (p0 odd prime), the Dirichlet L-function to modulus q
has no zeros in region
(3.1) σ > 1−
c
logγ(q(|t|+ 2))
, γ < 1.
P r o o f. See [4], Theorem 2. 
Lemma 3.5. Let f(n) be a multiplicative function such that f(p) = α (0 < α < 1),
f(pν) ≪ pδν (ν > 2) for some δ < 0 and χ0 be the principal character to the modu-














































and γj(z) is defined by (1.1).

























































((s− 1)ζ(s))α ·G(s, χ0)
=: (s− 1)−α · Z(s;α) ·G(s, χ0),
where Z(s;α) is holomorphic and Oq(M) in the disc |s− 1| 6 c (0 < c < 1/10) and









where g(n) is a multiplicative function for which the values on primes’ powers are




g(pν)ξν = (1 − ξ)α
∑
ν>0
f(pν)ξν (|ξ| 6 1).
In particular, we have g(p) = 0 and Cauchy inequality implies that |g(pν)| ≪ε p
εν












(σ − ε)− 1/2
,
where c is an absolute constant. Then we deduce that G(s, χ0) is absolutely con-
vergent for σ > 12 + ε and G(s, χ0) ≪ε 1. By using Selberg-Delange theorem [10],
Theorem III. 5.3, we obtain (3.2). 
Lemma 3.6. Let f(n) be a multiplicative function such that f(p) = α (0 < α < 1),
f(pν) ≪ pδν (ν > 2) for some δ < 0 and χ be a nonprincipal Dirichlet character
modulo q, where q = pr0 (p0 odd prime). For any 0 < ε <
1




















x exp(− log(1−θ)/2 x)
)
holds for x > 2, where the implied constant depends only on ε.
P r o o f. As in Lemma 3.5, we have

































































As similarly shown in Lemma 3.5, we easily see that G(s, χ) ≪ε 1 for Re s >
1
2 + ε.
We can apply Lemma 3.1 with the choice of parameters σa = 1, B(n) = n
ε, η = η,


















where b = 1 + 2/ logx and 100 6 T 6 x such that L(σ + iT, χ) 6= 0 for 0 < σ < 1.
6
Let L be the boundary of the modified rectangle with vertices (12 + ε) ± iT and
b± iT , where
⊲ ε > 0 is a small constant chosen so that L(12 + ε+ iγ, χ) 6= 0 for |γ| < T , and
⊲ the zeros of L(s, χ) of the form ̺ = β + iγ with β > 12 and |γ| < T are avoided by
the horizontal cut drawn from the critical line inside this rectangle to ̺ = β + iγ.
⊲ L1 and L2 denote horizontal segment [(
1
2 + ε)± iT, (1+ 2/ logx)± iT ], L3 and L4
denote vertical segment [(12 + ε), (
1
2 + ε)± iT ] \ {̺ : ̺ = (
1
2 + ε)± iγ}, Γ̺ denotes
horizontal segment [(12 + ε)± iγ, β ± iγ].


































A. Estimation of I1 and I2. In view of (3.5) and Lemma 3.3, we have
(3.7) F(s, χ) ≪ (q1/2T )α(1−σ)+ε.
Thus
(3.8) |I1|+ |I2| ≪



















B. Estimation of I3 and I4. For s = (
1
2 + ε) + iτ with 0 6 |τ | 6 T , in view of (3.5)
and Lemma 3.2, we have
(3.9) F(s, χ) ≪ qα/2(|τ | + 1)α/6+ε.
Thus





|(1/2 + ε) + iτ)|
dτ ≪ y1/2+εqα/2Tα/6.
7
C. Estimation of I̺. For s = σ + iγ with
1
2 + ε < σ 6 β 6 1 − σ0(γ), in view
of (3.5) and Lemma 3.2, we have
F(s, χ) ≪ qα(1−σ)|γ|α/6+ε.








Denote by N(σ, T, χ) the number of zeros of L(s, χ) in the region Re s > σ and














·N(σ, T0, χ) dσ.
It is well-known that
(3.12) N(σ, T, q) :=
∑
χ mod q
N(σ, T, χ) ≪ (qT )(12/5)(1−σ)(ln qT )9




, γ < 1,























































































1/2T )α/x) + q1+α/2x1/2Tα/6+ε










For q 6 x15/(2(10α+21))−ε, noting T = x15/(2(10α+21))+
√
ε and 0 < α < 1, we ob-
tain (3.4). 
4. Proof of Theorem 1.2.
We are now ready to prove Theorem 1.2.



















































This completes the proof of Theorem 1.2. 
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